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A note on Riemann and Ricci solitons
in (α, β)-contact metric manifolds
Adara M. Blaga ∗ and Dan Radu Lat¸cu†
Abstract
We give some properties of almost Riemann solitons and almost Ricci solitons
in an (α, β)-contact metric manifold, with potential vector field collinear with the
structure vector field, providing some relations between them.
1 Preliminaries
Riemann and Ricci solitons are generalized fixed points of the Riemann and Ricci flow,
respectively. They are defined by a smooth vector field V and a real constant λ which
satisfy respectively, the following equations:
(1)
1
2
£V g ⊙ g +R = λG, (Riemann soliton)
where G := 1
2
g ⊙ g, £V is the Lie derivative operator in the direction of the vector field
V , R is the Riemann curvature of g, and
(2)
1
2
£V g + Ric = λg, (Ricci soliton)
where Ric is the Ricci curvature of g.
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We denoted by ⊙ the Kulkarni-Nomizu product for two (0, 2)-tensor fields T1 and T2
on M defined by:
(T1 ⊙ T2)(X, Y, Z,W ) := T1(X,W )T2(Y, Z) + T1(Y, Z)T2(X,W )
−T1(X,Z)T2(Y,W )− T1(Y,W )T2(X,Z),
for any X, Y, Z,W ∈ χ(M).
If λ is a smooth function, the solitons will be called almost Riemann and almost Ricci
solitons, respectively.
In this paper, we establish some properties of almost Riemann and almost Ricci solitons
in (α, β)-contact metric manifolds under some additional assumptions: Ricci symmetric,
φ-Ricci symmetric, and determine some relations between them. Note that, in [4], C.
Udris¸te studied the relations between Riemann flow and Ricci flow and lately, in [1], [5],
M. N. Devaraja, H. A. Kumara and V. Venkatesha gave some geometric properties of
Riemann solitons in Kenmotsu, Sasakian and K-contact manifolds.
2 (α, β)-contact structures
Let (M,φ, ξ, η, g) be a (2n+1)-dimensional almost contact metric manifold, i.e. a smooth
manifold M equipped with a (1, 1)-tensor field φ, a vector field ξ, a 1-form η and a
Riemannian metric g satisfying [3]:
φ2 = −(I − η ⊗ ξ), η(ξ) = 1, g(φ·, φ·) = g − η ⊗ η,
φξ = 0, η ◦ φ = 0, iξg = η, g(φ·, ·) = −g(·, φ·).
If there exist two smooth functions α and β onM such that the Levi-Civita connection
∇ of g satisfies
(3) (∇Xφ)Y = α[g(φX, Y )ξ − η(Y )φX ] + β[g(X, Y )ξ − η(Y )X ],
for any X , Y ∈ χ(M), we call M an (α, β)-contact metric manifold (called also trans-
Sasakian [2]).
In particular, if α = β = 0, M is a cosymplectic manifold; if α = 0 and β is a non zero
constant, M is a β-Sasakian manifold (in particular, Sasakian if β = 1); if β = 0 and α is
a non zero constant, M is an α-Kenmotsu manifold (in particular, Kenmotsu if α = 1).
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By a direct computation, we obtain
(4) ∇ξ = −αφ2 − βφ,
(5) £ξg = 2α(g − η ⊗ η),
(6) div(ξ) = 2nα.
Remark that (3) and (4) can be more compactly written as:
(∇Xφ)Y = g(Fα,βX, Y )ξ − η(Y )Fα,βX
and
∇Xξ = −Fα,β(φX),
where Fα,β := αφ+ βI. Also, notice that
(∇XFα,β)Y = α(∇Xφ)Y + FX(α),X(β)Y,
for any X , Y ∈ χ(M).
2.1 Almost Riemann solitons
Consider now (V, λ) an almost Riemann soliton on the (2n+1)-dimensional (α, β)-contact
metric manifold (M,φ, ξ, η, g) and assume that the potential vector field V is collinear
with ξ, i.e. V = η(V )ξ.
Lemma 2.1. We have:
(7) ∇V = [d(η(V ))− αη(V )η]⊗ ξ + η(V )(αI − βφ),
(8) £V g = d(η(V ))⊗ η + η ⊗ d(η(V )) + 2αη(V )(g − η ⊗ η),
(9) div(V ) = 2nαη(V ) + ξ(η(V )).
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Proof. For any X, Y ∈ χ(M):
∇XV = X(η(V ))ξ + η(V )∇Xξ = [X(η(V ))− αη(V )η(X)]ξ + η(V )(αX − βφX),
(£V g)(X, Y ) = g(∇XV, Y ) + g(X,∇Y V )
= X(η(V ))η(Y ) + Y (η(V ))η(X)− 2αη(V )η(X)η(Y ) + 2αη(V )g(X, Y ),
div(V ) =
2n+1∑
i=1
g(∇EiV,Ei)
=
2n+1∑
i=1
{[Ei(η(V ))− αη(V )η(Ei)]η(Ei) + η(V )[αg(Ei, Ei)− βg(φEi, Ei)]}
= 2nαη(V ) + ξ(η(V )),
where {Ei}1≤i≤2n+1 is a g-orthonormal frame field on M .
Expressing the Riemann soliton equation (1) we get
(10) 2R(X, Y, Z,W ) + g(X,W )(£V g)(Y, Z) + g(Y, Z)(£V g)(X,W )
−g(X,Z)(£V g)(Y,W )− g(Y,W )(£V g)(X,Z) = 2λ[g(X,W )g(Y, Z)− g(X,Z)g(Y,W )],
and contracting it over X and W , we obtain
(11)
1
2
£V g +
1
2n− 1
Ric =
2nλ− div(V )
2n− 1
g
and
(12) scal = 2n[(2n+ 1)λ− 2 div(V )].
Then replacing (8) in (11), we get
(13) Ric = −
2n− 1
2
[d(η(V ))⊗ η + η ⊗ d(η(V ))− 2αη(V )η ⊗ η]
+[2nλ− (4n− 1)αη(V )− ξ(η(V ))]g,
Q = −
2n− 1
2
{[d(η(V ))− 2αη(V )η]⊗ ξ + η ⊗ grad(η(V ))}
+[2nλ− (4n− 1)αη(V )− ξ(η(V ))]I
and
(14) scal = 2n[(2n+ 1)λ− 4nαη(V )− 2ξ(η(V ))].
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Proposition 2.2. Let (V, λ) define an almost Riemann soliton on the (α, β)-contact
metric manifold (M,φ, ξ, η, g) such that the potential vector field V is collinear with ξ,
i.e. V = η(V )ξ. Then φ ◦Q = Q ◦ φ if and only if grad(η(V )) ∈ ker φ = 〈ξ〉.
Proof. Notice that φ ◦Q = Q ◦ φ holds if and only if
η ⊗ φ(grad(η(V ))) = [d(η(V )) ◦ φ]⊗ ξ,
hence the conclusion.
From the above considerations, we obtain:
Proposition 2.3. If (ξ, λ) define an almost Riemann soliton on the (2n+ 1)-dimen-
sional (α, β)-contact metric manifold (M,φ, ξ, η, g), then
i) M is an almost quasi-Einstein manifold with the defining functions 2nλ− (4n−1)α
and (2n− 1)α;
ii) scal = 2n[(2n+ 1)λ− 4nα].
In particular, any β-Sasakian manifold admitting an almost Riemann soliton (ξ, λ) is an
Einstein manifold of the same scalar curvature, for any β ∈ R∗.
Proof. For any X, Y ∈ χ(M):
Ric(X, Y ) = [2nλ− (4n− 1)α]g(X, Y ) + (2n− 1)αη(X)η(Y ),
hence the conclusions.
Moreover, we deduce:
Corollary 2.4. If (ξ, λ) define a Riemann soliton on a Sasakian manifold, then its
scalar curvature is constant.
If (M,φ, ξ, η, g) is an α-Kenmotsu manifold, then ξ is a torse-forming vector field with
a = α and ψ = −αη, and we can state:
Proposition 2.5. If (ξ, λ) define an almost Riemann soliton on the (2n+ 1)-dimen-
sional α-Kenmotsu manifold (M,φ, ξ, η, g) satisfying R(ξ, ·) · Ric = 0, then
λ = α and scal = −2n(2n− 1)α.
In particular, under these hypotheses, a Kenmotsu manifold is of negative scalar curvature.
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Proof. Since ξ = α(I − η ⊗ ξ), from (10) we get
R(X, Y )Z = (λ− 2α)[g(Y, Z)X − g(X,Z)Y ] + αη(Z)[η(Y )X − η(X)Y ]
+α[g(Y, Z)η(X)− g(X,Z)η(Y )]ξ
and, in particular,
(15) R(ξ, Y )Z = (λ− α)[g(Y, Z)ξ − η(Z)Y ].
The condition that must be satisfied by Ric is:
(16) Ric(R(ξ,X)Y, Z) + Ric(Y,R(ξ,X)Z) = 0,
for any X , Y , Z ∈ χ(M).
Replacing the expression of R(ξ, ·)· from (15) in (16) we get:
(17) (λ−α)[g(X, Y ) Ric(ξ, Z)−η(Y ) Ric(X,Z)+g(X,Z) Ric(ξ, Y )−η(Z) Ric(Y,X)] = 0,
for any X , Y , Z ∈ χ(M). But in an α-Kenmotsu manifold, we have
Ric(ξ,X) = −[2nα2 + ξ(α)]η(X)− (2n− 1)X(α)
and from the soliton condition we get Ric(ξ,X) = 2n(λ− α)η(X), which implies
grad(α) = −
1
2n− 1
[2n(λ− α + α2) + ξ(α)]ξ.
Replacing Ric(ξ, ·) in (17), we obtain:
(λ−α){2n(λ−α)[g(X, Y )η(Z)+g(X,Z)η(Y )]− [η(Y ) Ric(X,Z)+η(Z) Ric(X, Y )]} = 0,
for any X , Y , Z ∈ χ(M).
For Z := ξ we have:
(λ− α)[2n(λ− α)g − Ric] = 0
and using again the soliton condition, we get λ = α, hence the conclusion.
Taking V = ξ and differentiating covariantly (13), we get
(18) (∇X Ric)(Y, Z) = X(Ric(Y, Z))− Ric(∇XY, Z)− Ric(Y,∇XZ)
= [2nX(λ)− (4n− 1)X(α)]g(Y, Z) + (2n− 1)X(α)η(Y )η(Z)
+(2n− 1)α[(∇Xη)Y · η(Z) + (∇Xη)Z · η(Y )],
for any X, Y, Z ∈ χ(M) and we can state:
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Proposition 2.6. If (ξ, λ) define an almost Riemann soliton on the (2n+ 1)-dimen-
sional (α, β)-contact metric manifold (M,φ, ξ, η, g) satisfying ∇Ric = 0, then dλ = dα.
Proof. Taking Y = Z = ξ in (18), the condition ∇Ric = 0 implies X(λ − α) = 0,
for any X ∈ χ(M), hence the conclusion.
Proposition 2.7. Let (ξ, λ) define an almost Riemann soliton on the (2n+1)-dimen-
sional (α, β)-contact metric manifold (M,φ, ξ, η, g).
i) If ∇Q = 0, then α = 0 and M is of constant scalar curvature scal = 2n(2n+ 1)λ.
ii) If φ2 ◦∇Q = 0, then M is a cosymplectic manifold or α = 0, β 6= 0, λ is a constant
and M is of constant scalar curvature scal = 2n(2n+ 1)λ.
Proof. We have
(∇XQ)Y = ∇XQY −Q(∇XY )
= [2nX(λ)− (4n− 1)X(α)]Y + (2n− 1)α2η(Y )X − (2n− 1)αβη(Y )φX
+(2n− 1)[X(α)η(Y )− α2η(X)η(Y ) + α(∇Xη)Y ]ξ,
for any X, Y ∈ χ(M) and taking Y = ξ, from ∇Q = 0 we get
[2nX(λ− α)− (2n− 1)α2η(X)]ξ = (2n− 1)α(βφX − αX).
Applying η, we obtain X(λ− α) = 0, for any X ∈ χ(M) and replacing it in the previous
relation, we get α∇Xφ = 0, for any X ∈ χ(M), hence the conclusion i).
Now, from φ2((∇XQ)Y ) = 0, we get
[2nX(λ)− (4n− 1)X(α)][αY − αη(Y )ξ − βφY ] + (2n− 1)α2η(Y )[αX − αη(X)ξ − βφX ]
+(2n− 1)αβη(Y )φX = 0
and by taking Y = ξ, we obtain
α(α∇Xξ + βφX) = 0,
for any X ∈ χ(M), which implies α = 0. Replacing it in the above relation, we get
βX(λ) = 0, and we deduce ii).
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2.2 Almost Ricci solitons
Consider now (V, λ) an almost Riemann soliton on the (2n+1)-dimensional (α, β)-contact
metric manifold (M,φ, ξ, η, g) and assume that the potential vector field V is collinear
with ξ, i.e. V = η(V )ξ.
Contracting the Ricci soliton equation (2) and considering (8), we get
(19) Ric = −
1
2
[d(η(V ))⊗ η + η ⊗ d(η(V ))] + [λ− αη(V )]g + αη(V )η ⊗ η,
Q = −
1
2
{[d(η(V ))− 2αη(V )η]⊗ ξ + η ⊗ grad(η(V ))}+ [λ− αη(V )]I
and
(20) scal = (2n+ 1)λ− 2nαη(V )− ξ(η(V )).
In a similar way like for the Riemann soliton case, we obtain:
Proposition 2.8. Let (V, λ) define an almost Ricci soliton on the (α, β)-contact met-
ric manifold (M,φ, ξ, η, g) such that the potential vector field V is collinear with ξ, i.e.
V = η(V )ξ. Then φ ◦Q = Q ◦ φ if and only if grad(η(V )) ∈ ker φ = 〈ξ〉.
From the above considerations, we obtain:
Proposition 2.9. If (ξ, λ) define an almost Ricci soliton on the (2n+1)-dimensional
(α, β)-contact metric manifold (M,φ, ξ, η, g), then
i) M is an almost quasi-Einstein manifold with the defining functions λ− α and α;
ii) scal = (2n+ 1)λ− 2nα.
In particular, any β-Sasakian manifold admitting an almost Ricci soliton (ξ, λ) is an
Einstein manifold of the same scalar curvature, for any β ∈ R∗.
Proof. For any X, Y ∈ χ(M):
Ric(X, Y ) = (λ− α)g(X, Y ) + αη(X)η(Y ),
hence the conclusions.
Moreover, we deduce:
Corollary 2.10. If (ξ, λ) define a Ricci soliton on a Sasakian manifold, then its
scalar curvature is constant.
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Taking V = ξ and differentiating covariantly (19), we get
(21) (∇X Ric)(Y, Z) = X(Ric(Y, Z))− Ric(∇XY, Z)− Ric(Y,∇XZ)
= [X(λ)−X(α)]g(Y, Z) +X(α)η(Y )η(Z) + α[(∇Xη)Y · η(Z) + (∇Xη)Z · η(Y )],
for any X, Y, Z ∈ χ(M) and we can state:
Proposition 2.11. If (ξ, λ) define an almost Ricci soliton on the (2n+1)-dimensional
(α, β)-contact metric manifold (M,φ, ξ, η, g) satisfying ∇Ric = 0, then λ is a constant.
Proof. Taking Y = Z = ξ in (21), the condition ∇Ric = 0 implies X(λ) = 0, for
any X ∈ χ(M), hence the conclusion.
Proposition 2.12. Let (ξ, λ) define an almost Ricci soliton on the (2n + 1)-dimen-
sional (α, β)-contact metric manifold (M,φ, ξ, η, g).
i) If ∇Q = 0, then α = 0 and M is of constant scalar curvature scal = (2n+ 1)λ.
ii) If φ2 ◦∇Q = 0, then M is a cosymplectic manifold or α = 0, β 6= 0, λ is a constant
and M is of constant scalar curvature scal = (2n+ 1)λ.
Proof. We have
(∇XQ)Y = ∇XQY −Q(∇XY )
= X(λ− α)Y + α2η(Y )X − αβη(Y )φX + [X(α)η(Y )− α2η(X)η(Y ) + α(∇Xη)Y ]ξ,
for any X, Y ∈ χ(M) and taking Y = ξ, from ∇Q = 0 we get
[X(λ)− α2η(X)]ξ = α(βφX − αX).
Applying η, we obtain X(λ) = 0, for any X ∈ χ(M) and replacing it in the previous
relation, we get α∇Xφ = 0, for any X ∈ χ(M), hence the conclusion i).
Now, from φ2((∇XQ)Y ) = 0, we get
X(λ− α)[αY − αη(Y )ξ − βφY ] + α2η(Y )[αX − αη(X)ξ − βφX ]
+αβη(Y )φX = 0
and by taking Y = ξ, we obtain
α(α∇Xξ + βφX) = 0,
for any X ∈ χ(M), which implies α = 0. Replacing it in the above relation, we get
βX(λ) = 0, and we deduce ii).
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Proposition 2.13. If (V, λ) define an almost Riemann soliton on the m-dimensional
(α, β)-contact metric manifold (M,φ, ξ, η, g) and V is collinear with ξ, then (V, λ¯) define
an almost Ricci soliton if and only if η(V ) is a constant and αη(V ) = 0.
In this case,
λ¯ = (m− 1)λ.
Proof. Equating (13) and (19), we obtain λ¯ = (m − 1)λ − (m − 1)αη(V ) − (m −
2)ξ(η(V )). Taking Y = ξ and X g-orthogonal to Y , we get X(η(V )) = 0, for any
X ∈ χ(M), hence η(V ) is constant. Replacing the expression of λ¯ in (20) and considering
(14), we get αη(V ) = 0, hence λ¯ = (m− 1)λ.
Now we show that the only types of (α, β)-contact metric manifold for which (ξ, λ)
define two kind of solitons: almost Riemann, almost Ricci or almost Yamabe, are Einstein
manifolds. Recall that (V, λ) define an almost Yamabe soliton on (M, g) if
(22)
1
2
£V g = (λ− scal)g.
This immediately implies scal = λ− 1
m
div(V ), where m = dim(M).
Equating the expressions of the scalar curvature and using the soliton’s equations (1),
(2) and (22), we obtain:
Proposition 2.14. Let (M,φ, ξ, η, g) be an m-dimensional (α, β)-contact metric man-
ifold.
i) If (ξ, λ) define an almost Riemann and an almost Ricci soliton on M with m > 3,
then
λ =
(m− 1)(2m− 3)
m(m− 2)
α, Ric = −
(m− 1)(m2 − 3)
m(m− 2)(m− 3)
α · g.
ii) If (ξ, λ) define an almost Riemann and an almost Yamabe soliton or an almost
Ricci and an almost Yamabe soliton on M , then
α = 0, λ = 0, Ric = 0.
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